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Finanzas
Black-Scholes

∂C(s, t)
∂t

= −σ
2

2
s2∂

2C(s, t)
∂s2 − rs

∂C(s, t)
∂s

+ rC(s, t), (1)



Partícula libre y Ecuación de Black-Scholes
Partícula libre en una dimensión

S =

∫
dt

m
2

(
dx
dt

)2

. (2)

Segunda ley de Newton

F = mẍ = 0. (3)

Simetrías

t′ = t + β, x′ = x,

t′ = t, x′ = x + c,

t′ = t, x′ = x + vt,

t′ = a2t x′ = ax,

t′ = 1
γt+1 , x′ = x

γt+1



Partícula libre

t′ =
αt + β

γt + δ
, x′ =

ax + vt + c
γt + δ

, a2 = αδ − βγ 6= 0, (4)

S′ =
∫

dt′
m
2

(
dx′

dt′

)2

=

∫
dt

m
2

(
dx
dt

)2

+
m
2

∫
dt
(

dφ(x, t)
dt

)
.

donde

φ(x, t) =
1
a2

(
2avx + v2t − γ (ax + vt + c)2

γt + δ

)
. (5)



Cantidades conservadas
P = mẋ,

H = P2

2m ,

G = tP− mx,

K1 = tH − 1
2 xP,

K2 = t2H − txP + m
2 x2



{A,B} = ∂A
∂x

∂B
∂p −

∂A
∂p

∂B
∂x

Algebra de Schrödinger

{P,H} = 0,

{P,K1} = 1
2 P,

{P,K2} = G,

{P,G} = m,

{H,K1} = H,

{H,G} = P,

{H,K2} = 2K1,

{K1,K2} = K2,

{K1,G} = 1
2 G,

{K2,G} = 0



Fundamentos de Mecánica Cuántica

Principio de incertidumbre ∆x∆p ≥ ~
2 , p = mẋ

cuantización p→ p̂ = −i~ ∂
∂x

Ecuación de Schrödinger

i~
∂ψ (x, t)
∂t

= − ~2

2m
∂2ψ(x, t)
∂x2 . (6)

P = ψ∗(x, t)ψ(x, t)dx

Heisenberg {A,B} → [Â, B̂] = ÂB̂− B̂Â



Integral de Trayectoria I
Propagador

U(z, t; z0, t0) =

(
m

2πi~(t − t0)

) 1
2

e
im
2~

(z−z0)2

(t−t0) , (7)

Kolmogorov-Chapman t0 < t1 < t2

U(z2, t2; z0, t0) =

∫ ∞
−∞

dz1U(z2, t2; z1, t1)U(z1, t1; z0, t0) (8)

Además, si x0 < x1 < x2 < x3 y t0 < t1 < t2 < t3,

U (x3, t3; x0, t0) =

∫ ∞
−∞

dx2U (x3, t3; x2, t2) U (x2, t2; x0, t0)

=

∫ ∞
−∞

dx2dx1U (x3, t3; x2, t2) U (x2, t2; x1, t1) U (x1, t1; x0, t0)



Integral de Trayectoria II
En general, si

x0 < x1 < x2 · · · < xN−1 < xN = xf

y
t0 < t1 < t2 · · · < tN−1 < tN = tf ,

entonces se encuentra

U (xf , tf ; x0, t0) =

∫ ∞
−∞

dx1 · · · xN−1

U (xN , tN ; xN−1, tN−1) U (xN−1, tN−1; xN−2, tN−2) · · ·U (z1, t1; x0, t0) ,

es decir

U (zf , tf ; x0, t0) =

∫ ∞
−∞

ΠN−1
l=1 dxlΠ

N−1
n=0 U (zn+1, tn+1; xn, tn) . (9)



Integral de Trayectoria III

ΠN−1
n=0 K (zn+1, tn+1; xn, tn) =

(
ΠN−1

n=0

√
m

2πi~ (tn+1 − tn)

)
e

im
2~
∑N−1

n=0
(xn+1−xn)2

tn+1−tn

∆xn = xn+1 − xn, ∆tn = tn+1 − tn. (10)

N−1∑
n=0

m
2

(xn+1 − xn)2

tn+1 − tn
=

N−1∑
n=0

m
2

(
∆xn

∆tn

)2

∆tn. (11)

∆tn → 0

∆xn

∆tn
→ dx

dt
, (12)



Integral de Trayectoria IV

N−1∑
n=0

m
2

(
∆xn

∆tn

)2

∆tn →
∫ tf

t0

m
2

(
dx
dt

)2

dt. (13)

U (xf , tf ; x0, t0) =

∫
Dx(t)e

i
~ S(x(t)), (14)

donde

S(x(t)) =

∫ tf

t0
dt

m
2

(
dx
dt

)2

, (15)

y

Dx(t) = lim
∆tn→0

ΠN−1
l=1 dxlΠ

N−1
n=0

√
m

2πi~∆tn
. (16)



Trayectorias



Ecuación de Schrödinger

i~
∂ψ (x, t)
∂t

= − ~2

2m
∂2ψ(x, t)
∂x2 . (17)

t′ =
αt + β

γt + δ
, x′ =

ax + vt + c
γt + δ

, (18)

ψ′
(
x′, t′

)
=

(√
γt + δ

)
e

im
2~φ(x,t)ψ(x, t), (19)

φ(x, t) =
1
a2

(
2avx + v2t − γ (ax + vt + c)2

γt + δ

)
. (20)



Operadores

P̂ = −i~
∂

∂x
, (21)

Ĥ =
P̂2

2m
, (22)

Ĝ = tP̂− mx, (23)

K̂1 = tĤ − 1
4
(
xP̂ + P̂x

)
, (24)

K̂2 = t2Ĥ − t
2
(
xP̂ + P̂x

)
+

m
2

x2, (25)



Algebra de operadores[
P̂, Ĥ

]
= 0,[

P̂, K̂1
]

= i~
2 P̂,[

P̂, K̂2
]

= i~Ĝ,[
P̂, Ĝ

]
= i~m,[

Ĥ, K̂1
]

= i~Ĥ,[
Ĥ, Ĝ

]
= i~P̂,[

Ĥ, K̂2
]

= 2i~K̂1,[
K̂1, K̂2

]
= i~K̂2,[

K̂1, Ĝ
]

= i~
2 Ĝ,[

K̂2, Ĝ
]

= 0.

Niederer, Hagen in 1972, S. Lie, 1882. Ecuación de Fick.



Black-Scholes

∂C(s, t)
∂t

= −σ
2

2
s2∂

2C(s, t)
∂s2 − rs

∂C(s, t)
∂s

+ rC(s, t), (26)

s = ex

∂C(x,t)
∂t = −σ2

2
∂2C(x,t)
∂x2 +

(
σ2

2 − r
)
∂C(x,t)
∂x + rC(x, t).



Black-Scholes

C(x, t) = e

[
1
σ2

(
σ2
2 −r

)
x+ 1

2σ2

(
σ2
2 +r

)2
t
]
ψ(x, t)

∂ψ(x, t)
∂t

= −σ
2

2
∂2ψ(x, t)
∂x2 . (27)

Simetría Conforme

t′ =
αt + β

γt + δ
, x′ =

ax + vt + c
γt + δ

, (28)

ψ′
(
x′, t′

)
=

(√
γt + δ

)
e

1
2σ2 φ(x,t)

ψ(x, t), (29)

φ(x, t) =
1
a2

(
2avx + v2t − γ (ax + vt + c)2

γt + δ

)
. (30)



Grupo de Schrödinger y Black-Scholes

t′ =
αt + β

γt + δ
, s′ = e

(
vt+c
γt+δ

)
s
(

a
γt+δ

)
. (31)

Precio

C′ (s′, t′) =(√
γt + δ

)s
−2a2γ

(
σ2
2 −r

)
t+2a(vδ−γc)+2a2(a−δ)

(
σ2
2 −r

)
−γa2(ln s)

2a2σ2(γt+δ)


e

−γa2
(

σ2
2 +r

)2
t2+

(
a2
(

σ2
2 +r

)2
(α−δ)+2a2v

(
σ2
2 −r

)
+v(vδ−2γc)

)
t

2σ2a2(γt+δ)

e
a2β

(
σ2
2 +r

)2
+2a2

(
σ2
2 −r

)
c−γc2

2σ2a2(γt+δ) C(s, t).



Hamiltoniano de Black-Scholes

Ĥ = −σ
2

2
s2 ∂

2

∂s2 − rs
∂

∂s
+ r, (32)

∂C(s, t)
∂t

= ĤC(s, t). (33)

Π̂ = −is
∂

∂s
+

i
σ2

(
σ2

2
− r
)
, (34)

Ĥ =
σ2

2
Π̂2 +

1
2σ2

(
σ2

2
+ r
)2

. (35)



Grupo de Schrödinger y Black-Scholes

Π̂ = −is
∂

∂s
+

i
σ2

(
σ2

2
− r
)
, (36)

Ĥ0 =
σ2

2
Π̂2, (37)

Ĝ = tΠ̂− t
σ2 ln s, (38)

K̂1 = tĤ0 −
1
4

(
ln sΠ̂ + Π̂ ln s

)
, (39)

K̂2 = t2Ĥ0 −
t
2

(
ln sΠ̂ + Π̂ ln s

)
+

1
2σ2 (ln s)2 (40)



Grupo de Schrödinger y Black-Scholes

[ln s, Π̂] = i,[
Π̂, Ĥ

]
= 0,[

Π̂, K̂1

]
= i

2Π̂,[
Π̂, K̂2

]
= iĜ,[

Π̂, Ĝ
]

= i
σ2 ,[

Ĥ, K̂1

]
= iĤ0[

Ĥ, Ĝ
]

= iΠ̂,[
Ĥ, K̂2

]
= 2iK̂1,

[
K̂1, K̂2

]
= iK̂2,[

K̂1, Ĝ
]

= i
2 Ĝ,

[
K̂2, Ĝ

]
= 0.



Integral de Trayectoria I
Solución

C(x, t) =

∫ ∞
−∞

dx′G
(
x, t; x′, t′

)
C(x′, t′). (41)

C(S, t) = SN(d+)− Ke−r(T−t)N(d−). (42)

Propagador

G
(
x, t; x′, t′

)
=

e−r(t−t′)√
2πσ2(t − t′)

e
−

(
(x−x′)−(t−t′)

(
σ2
2 −r

))2

2σ2(t−t′) , (43)

Kolmogorov-Chaptman

G(x2, t2; x0, t0) =

∫ ∞
−∞

dx1G(x2, t2; x1, t1)G(x1, t1; x0, t0) (44)



Integral de Trayectoria
Si x0 < x1 < x2 · · · < xN−1 < xN = xf , t0 < t1 < t2 · · · <
tN−1 < tN = tf ,

G (xf , tf ; x0, t0) =

∫ ∞
−∞

ΠN−1
l=1 dxlΠ

N−1
n=0 G (xn+1, tn+1; xn, tn) . (45)

ΠN−1
n=0 G (zn+1, tn+1; xn, tn) =

(
ΠN−1

n=0

√
1

2πσ2 (tn+1 − tn)

)

e−
∑N−1

n=0 r(tn+1−tn)e
−1
2σ2

∑N−1
n=0

(
(xn+1−xn)−(tn+1−tn)

(
σ2
2 −r

))2

tn+1−tn



Integral de Trayectoria
∆tn = tn+1 − tn,∆xn = xn+1 − xn

ΠN−1
n=0 G (zn+1, tn+1; xn, tn) =

(
ΠN−1

n=0

√
1

2πσ2∆tn

)

e
−
∑N−1

n=0 ∆tn

[
r+ 1

2σ2

[
∆xn
∆tn
−
(

σ2
2 −r

)]2
]

Entonces ∆tn → 0

N−1∑
n=0

∆tn

[
r +

1
2σ2

[
∆xn

∆tn
−
(
σ2

2
− r
)]2

]
→ (46)

∫ tf

t0
dt

[
r +

1
2σ2

[
dx
dt
−
(
σ2

2
− r
)]2

]
(47)



Integral de Trayectoria

G (xf , tf ; x0, t0) =

∫
Dx(t)e−SBS(x(t)), (48)

donde

SBS(x(t)) =

∫ tf

t0
dt

(
r +

1
2σ2

[
dx
dt
−
(
σ2

2
− r
)]2

)
(49)

y

Dx(t) = lim
∆tn→0

(
ΠN−1

l=1 dxlΠ
N−1
n=0

√
1

2πσ2∆tn

)
. (50)


